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Caustics and Interference
Caustics and interference are among the 
most universal phenomena in physics


• Oscillatory integrals and quantum physics


• Caustics in large scale structure formation 

I am going to give […] an elementary 
demonstration. But elementary does not 
mean easy to understand. Elementary 
means that very little is required to know 
ahead of time in order to understand it, 
except to have an infinite amount of 
intelligence. - Richard P. Feynman (1964)
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Oscillatory integrals
Oscillatory integrals occur in may places, ranging from classical systems, 
wave optics, to quantum physics


• Absolutely v.s. conditionally convergent sums

S =
∞

∑
i=1

ai

∞

∑
i=1

|ai | < ∞

• Conditional series depend on the ordering
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Oscillatory integrals
Oscillatory integrals occur in may places, ranging from classical systems, 
wave optics, to quantum physics


• Absolutely v.s. conditionally convergent integrals

I = ∫ f(x)dx ∫ | f(x) |dx < ∞

∬ f(x, y) dx dy = ∫ [∫ f(x, y) dx] dy = ∫ [∫ f(x, y) dy] dx

• Fubini’s theorem

• Dominated convergence theorem

lim
n→∞ [∫ fn(x)dx] = ∫ [ lim

n→∞
fn(x)] dx | fn(x) | ≤ g(x) ∀n ∫ |g(x) |dx < ∞when with

∫
∞

−∞
eif(x) dx ∫

x(1)=x1

x(0)=x0

eiS[x(t)] 𝒟x(t)or
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Oscillatory integrals
Oscillatory integrals occur in may places, ranging from classical systems, 
wave optics, to quantum physics


• Fresnel integral

∫
∞

−∞
eix2dx = lim

R→∞ ∫
R

−R
eix2dx = (1 + i)

π
2

• Multi-dimensional extension

∬ℝ2

ei(x2+y2)dxdy = lim
R→∞

2π∫
R

0
r eir2dr = lim

R→∞ [iπ − πeiR2]
• Complex analysis

∫
∞

−∞
eix2 dx =

1 + i

2 ∫
∞

−∞
e−u2 du = (1 + i)

π
2

x =
1 + i

2
u
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Oscillatory integrals
Oscillatory integrals occur in may places, ranging from classical systems, 
wave optics, to quantum physics


• Analytic functions

f : ℂ → ℂ f(x + iy) = u(x + iy) + i v(x + iy)
∂u
∂x

=
∂v
∂y

∂u
∂y

= −
∂v
∂x

• Cauchy’s integral theorem

∮γ
f(z) dz = 2πi∑

k

Res( f, ak)

• Equivalence of integration contours
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Oscillatory integrals
Oscillatory integrals occur in may places, ranging from classical systems, 
wave optics, to quantum physics


• Saddle point methods (WKB or Eikonal approximation)

∫
∞

−∞
eif(x) dx ≈ ∑

k
∫ αk exp [−x2/σ2

k ] dx = π ∑
k

αkσk

• What is the optimal contour?


• Which saddle points to include?
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Oscillatory integrals
Oscillatory integrals occur in may places, ranging from classical systems, 
wave optics, to quantum physics

• Picard-Lefschetz theory


• Find all saddle points


• Find all steepest ascent/
descent contours


• Intersect the ascent with 
the original integration 
domain

I = ∫C
eif(z) dz f(z) = h(z) + iH(z)

f′￼(zi) = 0 ∂γλ

∂λ
= − ∇h(γλ) , γ0 = zi

I = ∑
i

ni eiH(zi) ∫𝒥i

eh(z) dz

J

J

V

V

KV

KV

V
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Oscillatory integrals
Oscillatory integrals occur in may places, ranging from classical systems, 
wave optics, to quantum physics

• Defining conditional integrals 


• Use an analytic absolutely convergent 
regulator which vanishes in the limit

∫
∞

−∞
eif(x) dx ≡ lim

R→∞ ∫
∞

−∞
eif(z)gR(x) dx

= lim
R→∞ ∫𝒥

eif(z)gR(x) dx

= ∫𝒥
eif(z) [ lim

R→∞
gR(x)] dx

= ∫𝒥
eif(z) dx

∫ |gR(x) |dx < ∞, R < ∞ lim
R→∞

gR(x) = 1

gR(x) = e−x2/R2

• For example
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Oscillatory integrals
Oscillatory integrals occur in may places, ranging from classical systems, 
wave optics, to quantum physics

• Intersection method

I = ∫C
eif(z)dz = ∫γλ(C)

eif(z)dz

lim
λ→∞

Cλ = 𝒥

ni = ⟨C, 𝒦i⟩

• Flow method

I = ∑
i

nieiH(z) ∫𝒥i

eh(z) dz
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Oscillatory integrals
Oscillatory integrals occur in may places, ranging from classical systems, 
wave optics, to quantum physics

• Flow method

I = ∫ℝ2

eiν(x2+ϕ(x))d2x

ϕ(x) =
1

1 + x2
1 + 2x2

2
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Single plane lensing
Kirchhoff-Fresnel integral

∫
x(1)=xobs

x(0)=xs

eiS[x] 𝒟x = ∫ e
i ω

2c [ (x⊥ − μ)2
d − ∫

ω2p(x⊥, z)

ω2 dz]dDx⊥

1
d

=
1
dsl

+
1

dlo

ω2
p =

ne(x)e2

ϵ0me

which takes the dimensionless form

Ψ(μ, ν) = ( ν
π )

D/2

∫ eiν[ 1
2 (x − μ)2 + φ(x)] dDx

with the time delay

Φ(x) =
1
2

(x − μ)2 + φ(x)
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Single plane lensing
Multi-image regions separated by caustics 

Φ(x) =
1
2

(x − μ)2 + φ(x)

In geometric optics Fermat’s principle 
gives the Lagrangian map

∇Φ(x) = 0

ξ(x) = x + α(x) α(x) = ∇φ(x)

with the intensity field

I(μ) = ∑
x∈ξ−1(μ)

1
| det ∇ξ(x) |
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Single plane lensing
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Single plane lensing
I = ∫ℝ2

eiν[ 1
2 (x − μ)2 + φ(x)]d2x φ(x) =

1
1 + x4

1 + x2
2
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Single plane lensing
Ψ(μ, ν) = ( ν

π )
N/2

∫ eiνϕ(x,μ)dx
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Single plane lensing

Ψ(μ, ν) = ∫ eiν(x4/4+μ2x2/2+μ1x)dx

Caustics and Stoke’s lines
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Ψ(μ, ν) = ∫ eiν(x5/5+μ3x3/3+μ2x2/2+μ1x)dx

Single plane lensing
Caustics and Stoke’s lines
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Gravitational lensing
In single-plane gravitational lensing, the time delay can be singular

Ψ(μ, ν) = ∫ eiν[ 1
2 (x − μ)2 + φ(x)]dx φ(x) = − ∑

i

fi log |x − xi |

with the dimensionless frequency and the mass fraction
ν = 4GMω fi =

Mi

∑i Mi

geometric optics is insensitive to the total mass of the gravitational lens.  
The binary gravitational lens

Ψ(μ, ν) = ∫ eiν[ 1
2 (x − μ)2 − f1 log |x − x1 | − f2 log |x − x2 |]dx
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Gravitational lensing
Lensing in in wave optics is 
much richer than in 
geometric optics. For 
gravitational lensing, wave 
optics breaks the 
degeneracy and allows to 
measure the mass. In the 
future observable with Fast 
Radio Bursts
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Multi-plane lensing
Radiation might encounter multiple lenses
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Multi-plane lensing
Radiation might encounter multiple lenses
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Multi-plane lensing
Radiation might encounter multiple lenses
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Georges Lemaître, Nature 127, 706 (1931)

The no-boundary proposal
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• In the early 1980’s, both Hartle, Hawking and Vilenkin 
developed famous models for the quantum big bang, 
known as the no-boundary and the tunnelling proposal. 


• Nucleation of a classical closed Lambda-dominated 
universe out of a forbidden ‘Euclidean’ quantum phase. 


• Aim: use the path integral for gravity to construct a 
predictive model for the initial conditions of our universe.


• In recent work, we used Picard-Lefschetz theory to study 
these proposals in the Lorentzian formulation.

The no-boundary proposal
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Lorentzian path integral
Is the path integral a true integral? Can we construct a rigorous definition?


• Feynman-Kac formula

K[x1, x0; T] = ∫
x(T)=x1

x(0)=x0

ei ∫T
0 [ ·x2−V(x)]dt/ℏ𝒟x

G[x1, x0; T] = ∫
x(T)=x1

x(0)=x0

e− ∫T
0 V(x)dt/ℏ [e− ∫T

0
·x2dt/ℏ𝒟x]

≡ ∫
x(T)=x1

x(0)=x0

e− ∫T
0 V(x)dt/ℏ dμ1/ℏ

x1,x0
(x)

t ↦ − itWick rotation:

when the potential is bounded from below

V(x) ≥ c
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Lorentzian path integral
If we want to use complex analysis (instantons) to study path integrals, the 
`path integral’ better be an integral


• Picard-Lefschetz theory

K[x1, x0; T] = ∫
x(T)=x1

x(0)=x0

ei ∫T
0 [ ·x2−V(x)]dt/ℏ𝒟x

≡ ∑
i

eiH(x̄i)/ℏ ∫𝒥i

eh(δxi/ℏ) dμi(δxi)

• Which instantons are relevant?


• How does the h-function decrease along the thimble?

x(t) = x̄i(t) + δxi(t)
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Quantum geometrodynamics

• The Wheeler-DeWitt equation

Wheeler: A classical trajectory emerges as an interference phenomena in 
quantum mechanics. Classical spacetime spacetime should emerge as an 
interference effect in superspace

• The path integral over spacetimes 

ℋ̂0Ψ[𝒢(3)] = 0 ℋ̂iΨ[𝒢(3)] = 0

K[𝒢(3)
1 , 𝒢(3)

0 ] = ∫
∞

0 ∫
𝒢(3)

1

𝒢(3)
0

eiSEH[𝒢;N]/ℏ 𝒟𝒢dN
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Summary
• Interference and caustics are among the most universal phenomena in 

physics


• Using Picard-Lefschetz theory we can construct a rigorous definition and 
efficiently evaluate oscillatory integrals 


• With these techniques we can model lensing in wave optics and study 
Lorentzian quantum gravity
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Bunch-Davies vacuum
• The Bunch-Davies vacuum is another 

popular initial state of our universe, 
normally defined in quantum field theory 
on classical spacetime


• It can also be defined from the path 
integral for gravity when considering a 
flat Lambda-dominated universe, in the 
limit of 


• We showed that the Bunch-Davies 
proposal in quantum spacetime suffers 
from similar ambiguities

q0 ! 0

<latexit sha1_base64="wcsiWkOoCqRER2+nAalNL3sHJoc=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqmRE0WXRjcsK9iHtUDJppg1NMmOSEcrQr3DjQhG3fo47/8a0nYW2HggczrmX3HPCRHBjMf72Ciura+sbxc3S1vbO7l55/6Bp4lRT1qCxiHU7JIYJrljDcitYO9GMyFCwVji6mfqtJ6YNj9W9HScskGSgeMQpsU56eOxh1LUxwr1yBVfxDGiZ+DmpQI56r/zV7cc0lUxZKogxHR8nNsiItpwKNil1U8MSQkdkwDqOKiKZCbLZwRN04pQ+imLtnrJopv7eyIg0ZixDNymJHZpFbyr+53VSG10FGVdJapmi84+iVCAXcZoe9blm1IqxI4Rq7m5FdEg0odZ1VHIl+IuRl0nzrOqfVy/uziu167yOIhzBMZyCD5dQg1uoQwMoSHiGV3jztPfivXsf89GCl+8cwh94nz93e4+L</latexit>
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Relativistic weak value 
theory

Aharonov developed weak value theory for non-relativistic 
quantum mechanics. I extend it to relativistic systems:


• Couple the observable to a Von Neumann pointer to 
model the observer quantum mechanically


• Consider the limit weak coupling to remove interference 
on the experiment

Sp[X,P ] =

Z T

0
dt

h
�XṖ �Hp

i
Hp =

P
2

2M
+ gPO[xµ]

hX1i = hX0i+ gT Re[Ow]Ow =

R1
0+ ds

R  1

 0
Dx

µ
e
iS/~

O[xµ]
R1
0+ ds

R  1

 0
DxµeiS/~
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• Consider the Klein-Gordon equation in an electric field

Ĥ� = 0 Ĥ = DµD
µ +m

2

G[xµ

1 ;x
µ

0 ] =

Z 1

0+
dshxµ

1 |e�isĤ/~|xµ

0 i

• Smoothed with an initial seed

'(xµ

1 ) =

Z 1

0+
dshxµ

1 |e�isĤ/~| 0i

=

Z
dxµ

0G[xµ

1 ;x
µ

0 ] 0(x
µ

0 )

satisfying the inhomogeneous equation

Ĥ'(xµ) = �i~ 0(x
µ)

41



• When the observable is the position, we obtain the 
quantum generalization of (complex) classical trajectories 
tracing the most likely world-line

xw(r) =

R1
0+ ds

R  1

 0
DxµeiS[xµ]/~xµ(r)

R1
0+ ds

R  1

 0
DxµeiS[xµ]/~

r=1
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• The relativistic Aharonov-Bergmann-Lebowitz formula

PABL[x
µ
m; r] /

�����

Z 1

0+
ds

Z  1

 0

DxµeiS[xµ]/~�(xµ
m � xµ(r))

�����

2
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• For the Schwinger effect
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• For the Schwinger effect

45



• For the Schwinger effect
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• For the Schwinger effect
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• For the Schwinger effect
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• The weak charge density

⇢w(x
µ
m) =

e

m

R 1
0 dr

R1
0+ ds

R  1

 0
DxµeiS/~ [P0, �(xµ(r)� xµ

m)]
R1
0+ ds

R  1

 0
DxµeiS/~
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