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Caustics and Interference

Caustics and interference are among the
most universal phenomena in physics

* Oscillatory integrals and quantum physics

e Caustics in large scale structure formation

| am going to give [...] an elementary
demonstration. But elementary does not
mean easy to understand. Elementary

means that very little Iis required to know
ahead of time in order to understand Iit,
except to have an infinite amount of
intelligence. - Richard P Feynman (1964)




Oscillatory integrals

Oscillatory integrals occur in may places, ranging from classical systems,
wave optics, to quantum physics

* Absolutely v.s. conditionally convergent sums

T1.1

o0 o0
S:Zdi 2‘al‘<oo ——

0.9

* Conditional series depend on the ordering —

11 1 1 —

——t———4+———+...=In2 —
2 '3 45 6 los —
1 1 1 1 1 3
l+———4—4———+...==In2
3 25 7 4 2

0.2




Oscillatory integrals

Oscillatory integrals occur in may places, ranging from classical systems,
wave optics, to quantum physics

* Absolutely v.s. conditionally convergent integrals

[ = Jf(x)dx J\f(x) |dx < o0

e Fubini’s theorem

Hf(x, y)dxdy = J ”f(x, y) dXI dy = J “f(x, y) dy] dx

 Dominated convergence theorem

n—0o0 n— Qoo

lim [J fn(x)dx] = I [ lim fn(x)] dx when |f,(x)| <gx) Vn with J|8(X) | dx < o



Oscillatory integrals

Oscillatory integrals occur in may places, ranging from classical systems,
wave optics, to quantum physics

* Fresnel integral
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Oscillatory integrals

Oscillatory integrals occur in may places, ranging from classical systems,
wave optics, to quantum physics

* Analytic functions

f:C->C fix+1y) =ulx+1y)+ivix +iy)
ou B ov ou ov

o ay  dy  ox
 Cauchy’s integral theorem

ﬂg f(z)dz = 2mi Z Res(f, a;)
Y k

* Equivalence of integration contours
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Oscillatory integrals

Oscillatory integrals occur in may places, ranging from classical systems,
wave optics, to quantum physics

 Saddle point methods (WKB or Eikonal approximation)

[ eif(x) d.X ~ Z Jak exp [—XZ/GI?] dx — \/7_1'2 akak o P
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« What is the optimal contour? ° .\
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Oscillatory integrals occur in may places, ranging from classical systems,
wave optics, to quantum physics

— if(2) _ :
 Picard-Lefschetz theory ! Le dz f(2) = h(z) + iH(2)

07,
(z)=0 1A _ _ _
* Find all saddle points /@) Y Vai(r), 1 =1

* Find all steepest ascent/
descent contours

* Intersect the ascent with
the original integration
domain




Oscillatory integrals

Oscillatory integrals occur in may places, ranging from classical systems,
wave optics, to quantum physics

* Defining conditional integrals J o dy = Tim J g (x) dx
oo R—00 oo
 Use an analytic absolutely convergent .
— 1 if(2)
regulator which vanishes in the limit 1%1_{30 Le gr(x) dx
J‘gR(X)|dx <o, R<o 1%1_{1010 gr(x) =1 — J o (2 [ lim 8R(x)] dx
7 R— o0
 For example _ J D) s
—x%/R?
gr(x) = e 5

j=j1+j2+



Oscillatory integrals

Oscillatory integrals occur in may places, ranging from classical systems,
wave optics, to quantum physics

| ] ] ] ] | 1 ] I I

e |ntersection method | .

J = Z nieiH(z)J eh(z) dz n = <C, ‘%i> , ,
l £
e Flow method : A‘
| = J eif(z)dz — J' eif(Z)dZ |
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website: p-Ipi.github.io 10 =20,




Oscillatory integrals

Oscillatory integrals occur in may places, ranging from classical systems,

=0

1=0
T

wave optics, to quantum physics

* Flow method
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Single plane lensing

Kirchhoff-Fresnel integral

X(D=xpp o | L et i
J e Px = Je L o 1dPx, ds
x(0)=x,
11 1 ,  nx)e’ l
— =4 — a)p — N ,'
d dsl dlo U d |
" " " SO
which takes the dimensionless form
D/?2

U L — )2
Y(u,v) = (_) Jelvlz(x ) +<0(X)] dPx dlo

/A
with the time delay

1
D(x) = E(X — 1) + p(x)
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Single plane lensing

Distant point source

Multi-image regions separated by caustics

Lens

D(x) = —(x — ) + p(x)

In geometric optics Fermat’s principle  vd(x) =
gives the Lagrangian map

cx) =x+alx) alx)=Ve)

with the intensity field

I(p) =
xe&(p) | det V()| NN
Caustic spikes
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Single plane lensing

| ﬂ

o4

Distant point source

/

-
v

| U A A A A

(b) @ =2,v =100 (c) a=2,v =500

o

1
y ‘\\\

S04 02 o2 04 T4 02 ez o4 04 02 o2 04 ,;/ﬂ,a':qg»!’gw
i Ve
J— — — a— ) M
(d) a=1,v =150 () a=1,v =100 i 9‘«»15,‘{\'\\/.
N
2 2 i \
| g I
\\'\i:l‘h
M
N
//;// ;(" 4' \
i /

JIoNa
(f) o= 1, v = 500 ;,(/!f:;:’(’.;;
| e 4 ""
/ l/;% <‘5‘ l "M\‘\\\\\
//4",'0 0‘ N »\\\A.
i
) i &:*‘(s&%;\\\&.
A RN
Caustic spikes

0.5 0.5/ 0.5

-0.4 -0.2 0.2 04 -0.4 -0.2 0.2 0.4 -0.4 -0.2 0.2 04

(g) a=1/2,v =50 (h) @ =1/2,v =100 1(i4)oz:1/2,1/:500

f
S
o
M ,
A l' KN \
e Y
Jn
V< T

g
Y



H2

0.4}

0.2

0.2}
0.4/

-0.6]

Single plane lensing
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Single plane lensing

A\ M2
Y(u,v) = (-) Jei”¢(x’”)dx

JU

Name Symbol K N o(x; )
Maximum/minimum A7 0 1 +1°

Fold A, 11 z° /3 + px

Cusp As 2 1 /4 + pox? /2 +
Swallowtail Ay 31 2° /5 + puzx® /3 + pox? /2 +
Butterfly As 4 1 2°/6 + pux® /4 + pzx® /3 + pex® /2 + iz
Elliptic umbilic D; 3 2 z} —3xix5 — pus3(x] + 5) — poe — 12y
Hyperbolic umbilic Dy 3 2 T3 + Th — U3T1Ty — Moy — [T
Parabolic umbilic Ds 4 2 x4+ 1125 + paxs + psxs + poTo + 1

Table I: The unfoldings of the seven elementary catastrophes with codimension K < 4, with

w=(I1,:E2,...,:BN) andp,:(/,tl,/,tz,...

, ). The normal forms are defined as the unfolding at

parameter pu = 0, i.e., ¢(x;0).
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Single plane lensing

Caustics and Stoke’s lines

\Ij( u, 1/) — eiv(x4/4+/42x2/2+,u1x)dx
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Single plane lensing
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Gravitational lensing

In single-plane gravitational lensing, the time delay can be singular

W, 1) = je"”lf“"” g g =-Y floglx— x|

with the dimensionless frequency and the mass fraction

M,
v =4GMw f; =

Zi Mi
geometric optics is insensitive to the total mass of the gravitational lens.
The binary gravitational lens

‘P(//t I/) — '[e”/[%(x_ﬂ)z _flloglx_xll _]Eloglx_leldx

19



Gravitational lensing

Lensing in in wave optics Is
much richer than in

geometric optics. For
gravitational lensing, wave
optics breaks the
degeneracy and allows to
measure the mass. In the
future observable with Fast
Radio Bursts
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(a? ray optics (b) wave optics (€2




Radiation might encounter multiple lenses

do 1

......

observer x; s x, y Li Lo
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Multi-plane lensing




Multi-plane lensing

Radiation might encounter multiple lenses
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Multi-plane lensing

Radiation might encounter multiple lenses

(b) 2= 100 (c) v =200



The no-boundary proposal

The Beginning of the World from the Point of
View of Quantum Theory.

SIR ARTHUR EDDINGTON ! states that, philosophic-
ally, the notion of a beginning of the present order of
Nature is repugnant to him. I would in-

principles from the point of view of quantum theory
may be stated as follows : (1) Energy of constant total
amount is distributed in discrete quanta. (2) The
number of distinct quanta is ever increasing. If we
go back in the course of time we must find fewer and
- Now, 1n atomic processes, the notions of space and
time are no more than statistical notions ; they fade
out when applied to individual phenomena involv-
ing but a small number of quanta. If the world has
zle quantum, the notions of space anc

before the beginning of space and time. I think that
such a beginning ot the world 1s far enough from the
present order of Nature to be not at all repugnant.

Georges Lemaitre, Nature 127, 706 (1931)

It may be difficult to follow up the idea in detail as
we are not yet able to count the quantum packets in
every case. For example, it may be that an atomic
nucleus must be counted as a unique quantum, the
atomic number acting as a kind of quantum number.
If the future development of quantum theory happens
to turn in that direction, we could conceive the begin-
ning of the universe in the form of & unique atom, the
atomic weight of which is the total mass of the uni-
verse. This highly unstable atom would divide in
smaller and smaller atoms by a kind of super-radio-
active process. Some remnant of this process might,
according to Sir James Jeans’s idea, foster the heat of
the stars until our low atomic number atoms allowed
life to be possible.

Clearly_the initial quantum could not conceal in

something really happens; the whole story

quantum like a song on the disc of a phonograph. 1t

the story it has to tell may be
Louvain.

! NATURE, Mar. 21, p. 447.

24




The no-boundary proposal

In the early 1980’s, both Hartle, Hawking and Vilenkin
developed famous models for the quantum big bang,
known as the no-boundary and the tunnelling proposal.

Nucleation of a classical closed Lambda-dominated

universe out of a forbidden ‘Euclidean’ quantum phase. Lorentzian Quantum Cosmology
No smooth beginning for spacetime
Aim: use the path integral for gravity to construct a No Rescue for the No Boundary Proposal:

predictive model for the initial conditions of our universe. Pointers to the Future of Quantum Cosmology

Inconsistencies of the New No-Boundary Proposal

In recent WOI’k, we used Picard-Lefschetz theory to StUdy Quantum Incompleteness of Inflation
these proposals in the Lorentzian formulation.

25



No-boundary proposal

Minisuperspace ds? = —N(t)*dt® + a(t)*dQ3

o0 dl .
Gla1; ap] = / dN/ Da N4l
0 d0

with the Einstein-Hilbert action for a A-dominated universe

1 2

. i
S = 5/ d4x\/—g(R—2/\):27r2/ dt N | —-3a - 3ka — a>A
M 0 _ _

Redefining the lapse N — N/a, the action is quadratic in g = a

2

1 —_ —_
3
5:27r2/0 dt 4Nc']2—|-N(3k—/\q)

The propagator G|qi1; qo] fooo d—\/%eiSO[ql;qo;N] with the classical action

A2 T A 11 3 '
o a3 N > . 2
Solg1;qo; Nl = N T N 2(Clo q1) 3k_ N 4(671 qo) |

Halliwell & Louko (1989), Brown & Martinez (1990)

20




No-boundary proposal

The propagator is an oscillatory integral

G|qg1; qo = 0] o< —=
[ | o VN

Hartle and Hawking: ‘The oscillatory integral [for the Lorentzian
propagator]| is not well defined but can be made so by rotating the time to

Imaginary values.’

> dN

Euclidean instead of Lorentzian gravity: rotate

N — £iIN and integrate

Ge[q1; g0 = 0] o /

0

> dN
—e

VN

=S0[q1:90=0; N}

27

ei50[ql;qo=0;N]




No-boundary proposal

The Euclidean propagator is divergent due to the conformal factor
problem. Physical considerations lead Hartle and Hawking to the
propagator

> dN
G ; :0 O(/ _eISO[(h;qO:O;N]
[g1; g0 = O] TN

which does satisfy the Wheeler-DeWitt equation HG = 0. The Integral
was approximated with the saddle point approximation

2 1272 1272
‘G[qlqu:O]‘ x e' A Ne' V(e1)

When including a scalar field (gravitons)

1272

‘G[q17¢1;q0:0]‘20(el A Cqb%rve' V(p)

2

28



e
No-boundary proposal

.
CP

| T
T

1252
| V[ _)

The Hartle-Hawking initial wave function |G[g1. ¢1]|% o e
@ Gaussian fluctuations
@ Bottom of instead of the top of the the potential

Resolved with anthropic principle

V(@) = ¢°

29






No-boundary proposal

Weighting no-boundary proposal:
e Hartle-Hawking result

|G[31; 0]‘2 X e+127r2/(hA)

~ et127%/(hV(9))

@ Picard-Lefschetz theory result

|G[31;0”2 - e—127r2/(h/\)
x e~ 127/ (hV(9))

@ Same result as Vilenkin's tunneling proposal

@ Lorentzian gravity # Euclidean gravity

31



The no-boundary proposal

The propagator

OO ¢
G[qh ¢1; do, ¢0] — / dN /q1 Dq : D¢ ei(S(O)[q,N]+5(2)[q,qb,N])/h
0+ q0 @0

The gravitational wave action

1 : 2
s(2) — % / Nsdt d>x | g* (;\?) — (I + 2)¢?
0 S

with Ns the saddle point in the background.
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The no-boundary proposal

Equation of motion

. 2
<£+2qu ’;’ I(1 +2)¢ = 0

is solved by ¢(t) = ¢1F(t)/F(1) with

/ [+2
i 2 i T2 i(/+1)
F(t) =14 : 1 : 1 :

with boundary conditions ¢(0) = 0, ¢(1) = ¢1. The classical action

Ol é0.0l< L [ qr L [T '-_ » F(1)
52[q1,¢1,0,0]—2/ dt— | ¥ ¢¢

ot [ (1 +2) l(l+1)(/+2)) 1\
"o | TTH YRt 'O(\/a)
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The no-boundary proposal

The total propagator factorizes G[q1, ¢1;0,0] = G[q1; 0]G4[#1; 0], with the
GW propagator

I(1+1)(/42) ¢2

Gy|p1;0] oc e 2nH2 71 X phase

This is an inverse Gaussian distribution

1(14+1)(1+2) 5

Gyl¢1;0]|* ox e w2



L orentzian path integral

Is the path integral a true integral”? Can we construct a rigorous definition?

 Feynman-Kac formula

x(T)=x,
K[)Cl, X0 T] — J' eifoT [)'CZ_V(X)]dt/hQZx
x(O):xO Q& dark energy
u ,d, u,,d,e .V, ,e.,V,)X3
Wick rotation: ¢t~ — it AL A2, .
x(T)=x, . ] _— _
Glxy, xps T] = e~ lo VIl | o=Jo Xy | \yhen the potential is bounded from below
x(0)=x, - "
x(T)=x, V(X) > C
— —fO V(x)dt/h d Iu)}l/fzco(x)

x(0)=x 35



L orentzian path integral

If we want to use complex analysis (instantons) to study path integrals, the
‘path integral’ better be an integral

* Picard-Lefschetz theory

x(T)=x, e
K[xlax(); T] — J' elfo B —V(X)]dt/h@x
x(0)=x,

u.,d u,,d, eV, e,V )X3

— Z eiH()‘ci)/hJ ohoxi/h) q 1(5x,)
' S
l

l

x(1) = x,(1) + ox(¢)

e \Which instantons are relevant?

* How does the h-function decrease along the thimble?



Quantum geometrodynamics

Wheeler: A classical trajectory emerges as an interference phenomena in
quantum mechanics. Classical spacetime spacetime should emerge as an
interference effect in superspace

 The Wheeler-DeWitt equation (—

H P[P =0 XYLTD] =0
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* The path integral over spacetimes

00 65(13)
K[S?G), 5(3)] — J J eBeal NI GyedN
1’70 0 Jgo

IS(G)/Tw+

w0 is'(G)/H
g 177 Ne +




Summary

Interference and caustics are among the most universal phenomena in
physics

Using Picard-Lefschetz theory we can construct a rigorous definition and
efficiently evaluate oscillatory integrals

With these technigues we can model lensing in wave optics and study
Lorentzian quantum gravity
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Bunch-Davies vacuum

* The Bunch-Davies vacuum is another
popular initial state of our universe,
normally defined in quantum field theory
on classical spacetime

e |t can also be defined from the path *
integral for gravity when considering a
flat Lambda-dominated universe, in the
limit of go — 0

e We showed that the Bunch-Davies

proposal in quantum spacetime suffers
from similar ambiguities
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Relativistic weak value
theory

Aharonov developed weak value theory for non-relativistic
quantum mechanics. | extend it to relativistic systems:

e Couple the observable to a Von Neumann pointer to
model the observer quantum mechanically

 Consider the limit weak coupling to remove interference
on the experiment

T i
Syl X, P| = / dt |- XP —H, H, = gPO|x"]
0 i i

oy ds ffol DxtetS/MO[xH]
: [or ds ffol DaxHeisS/h

40
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e Consider the Klein-Gordon equation in an electric field
Hé=0 H=D,D"+m?
OO A
Glatsaf] = [ ds{atle™*#/Maf)
0

_|_

e Smoothed with an initial seed - 9 : -

o) = / ds(zt|e 55/ g)
0

— /dng[xﬁb;xg]%(fg)

satisfying the inhomogeneous equation

A

41



e \WWhen the observable is the position, we obtain the
quantum generalization of (complex) classical trajectories
tracing the most likely world-line

foof ds |
Ty (T) = oS
Jo+ ds
=0
10
- |
°

i 10,

||||||||||||||||||||||

||||||||||||||||||||||

- 10"

||||||||||||||||||||||

||||||||||||||||||||||




e The relativistic Aharonov-Bergmann-Lebowitz formula

O (L | y
Papr|xb ;r| o / ds Dyt etSlT ]/hé(x‘,,fl — zt(r))
0T Yo

r=0 r=0.5 r=1

10 10 10
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e For the Schwinger effect




e For the Schwinger effect
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e For the Schwinger effect




e For the Schwinger effect
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e For the Schwinger effect
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e [he weak charge density

e Jo dr [5 ds [} DaretS/M [Py, 5(at (r) — wlt)]

Pw(Th,) =

m [ ds ffol DaxretS/h

Re[py] Im[po,/]
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