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Why black holes?

 Black holes exist in Nature 
      
-  end station of core collapse of sufficiently massive stars 

-  active galactic nuclei contain supermassive black holes 

-  important for gravitational wave astronomy  

-  ….

 Black holes are interesting 
      
-  rich catalog of classical black hole solutions in GR and modified gravity theories 

-  extreme spacetime curvature indicates breakdown of classical theory 

-  quantum effects challenge effective field theory paradigm 

-  black hole thermodynamics hints at connection to quantum information theory 

-  string theory black holes connect number theory, geometry and physics 

-  …. 



The information paradox highlights the incompatibility between general  
relativity (locality + equivalence principle) and quantum physics (unitarity). 

Gauge theory - gravity correspondence implies unitary black hole evolution. 

Black hole complementarity provides a "phenomenological" description, which 
preserves unitarity and the equivalence principle, but requires giving up locality. 

Semiclassical gravity based on local effective field theory is nevertheless 
surprisingly effective 

  -  Page curve reproduced via quantum extremal surface prescription  

  -  rate growth of quantum complexity captured by (semi)classical BH geometry 

So far, no satisfactory holographic model for the black hole interior 

Requirements include: 

  -  unitary time evolution of holographic d.o.f.’s 

  -  an approximate description of observers in the black hole interior can be given 
in terms of an effective field theory, defined on a limited set of time slices, such 
that no drama is seen until near the singularity 

Summary
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Although there has been a lot of work in the last fifteen years [...], 
I think it would be fair to say that we do not yet have a fully satisfactory 
and consistent quantum theory of gravity.

Particle Creation by Black Holes 
Stephen W. Hawking 
April, 1975 



Although much work remains to be done there seem to be no insuperable 
obstacles to deriving all of known physics from the E8 × E8 heterotic string. 

HETEROTIC STRING THEORY (I): The free heterotic string
David J. Gross, Jeffrey A. Harvey, Emil Martinec and Ryan Rohm 
February, 1985 



...the euclidean formulation of [quantum] gravity is not a subject with firm 
foundations and clear rules of procedure; indeed, it is more like a trackless 
swamp. I think I have threaded my way through it safely, but it is always 
possible that unknown to myself I am up to my neck in quicksand and 
sinking fast. 

WHY THERE IS NOTHING RATHER THAN SOMETHING: 
A theory of the cosmological constant 
Sidney Coleman 
May 1988 



Schwarzschild black hole

There is a curvature singularity at r = 0 but the geometry  
is non-singular at the event horizon  r = 2M

Spacetime is almost flat at the horizon of a large black hole!

II. NON-ROTATING BLACK HOLE EVAPORATION IN 3+1 DIMENSIONS:

PROBLEMS AND SOLUTIONS

A. Mode expansions and vacua

In this section we consider a massless conformally coupled scalar field. Issues of

back-reaction will be ignored, and re-examined in the following section. The metric in

Schwarzschild coordinates takes the form
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In these coordinates, a complete set of modes in the exterior region may be obtained by

separating the equation of motion, and defining the tortoise radial coordinate
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The angular and time dependence may be handled straightforwardly, and the radial equation

can be mapped into a scattering problem with a step-like potential separating the behavior at

r ! 1 from the region r ! 2M [9]. This leads to a natural decomposition into independent

modes that we refer to as in-going and out-going [23]:

uin(x) = (4⇡!)�1/2 e�i!tRin
l (!; r)Ylm(✓,�)

uout(x) = (4⇡!)�1/2 e�i!tRout
l (!; r)Ylm(✓,�) (1)

with

Rout
l (!; r) ⇠

8
><

>:

r�1ei!r⇤ + Aout
l (!)r�1e�i!r⇤ , r ! 2M

Bl(!)r�1ei!r⇤ , r ! 1

Rin
l (!; r) ⇠

8
><

>:

Bl(!)r�1e�i!r⇤ , r ! 2M

r�1e�i!r⇤ + Ain
l (!)r�1ei!r⇤ , r ! 1 .

Scattering off the gravitational field leads to “grey body” factors, so a mode that is purely

outgoing near infinity contains an ingoing component near the horizon, and likewise a mode

that is purely ingoing near the horizon contains an outgoing component near infinity.

The Unruh vacuum is defined by requiring the modes incoming at past null infinity to

be purely positive frequency with respect to t, and while those outgoing from the past
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Natural units



Global Schwarzschild spacetime

Kruskal-Szekeres coordinates

Metric is non-singular 
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Black hole formed by gravitational collapse
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Hawking effect

Heuristic argument 
Quantum mechanics: 

- virtual pair created in flat spacetime 
- particle energies +E and -E 
- particle with -E cannot propagate 
- pair annihilates within time  

- virtual pair created across event horizon 
- particle with -E propagates inside black hole 
- particle with +E escapes to 
- black hole loses mass  

Semiclassical calculation 
Quantum field theory in curved spacetime 

- quantise matter field in classical BH background 
- mismatch between  in- and out- vacuua 
- outgoing particles at late times 
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Black hole evolution
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sBlack hole lifetime:

According to Hawking’s semi-classical calculation, black hole 
radiation is thermal

Black hole entropy

The entropy of a black hole is proportional to the area of the 
event horizon Bekenstein 1972

Bekenstein-Hawking entropy:
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Semi-classical black hole

r
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r = 0
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Hawking
radiation

Explicit analytic solutions available for two-dimensional toy models

Callan, Giddings, Harvey, Strominger 1992  
Russo, Susskind, Thorlacius 1992



Formulation of the information paradox

Quantum mechanical unitarity 
      
   - if a system starts out in a pure initial state  

   - then the final state             is also a pure state 

   - the S matrix is unitary 

   - it follows that  

The final state carries all information about the initial state

|�in�
|�out�

|�out� = S |�in�

|�in� = S† |�out�
S S† = S†S = 1

Effective field theory 
      
- assume that local effective field theory can be applied in 
     regions of weak curvature, away from black hole singularity 

- the explicit form of the effective field theory is not needed 

- construct a convenient set of Cauchy surfaces  
           ‘nice’ time slices  Wald ’93;  Lowe, Polchinski, Susskind, LT, Uglum ’95 

- effective field theory Hamiltonian generates unitary evolution of states
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Assume a pure initial state  

It evolves into another pure state 
which has support partially inside and  
partially outside the horizon on         and 

Observables with support on         commute 
with observables on  

The state on         is therefore an element of 
a tensor product Hilbert space 

Taking a trace over          results in a mixed  
state density matrix on  

which will then evolve to another density  
matrix on 
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The net result is that a pure initial state on         has evolved into a mixed state on  �in �out



Laser beam
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Some suggested resolutions

Non-unitary evolution   Hawking ’76  

      - generalized quantum mechanics Hawking ’82  

Black hole remnants 
        Planck scale    Aharonov, Casher, Nussinov ’87 Banks, O’Loughlin ’93 

        macroscopic   Giddings ’92; Almheiri, Marolf, Polchinski, Sully ’12 
Information returned in Hawking radiation    Page ’80, ’t Hooft ’91  

        - black hole complementarity (BHC)       Susskind, LT, Uglum ’93  
                                                                                 Kiem, Verlinde, Verlinde ’93 
        - eternal AdS black holes     Maldacena ’01   
        - final state projection     Horowitz, Maldacena ’03 

Non-singular quantum geometry 
        - supergravity fuzzballs   Mathur, Saxena, Srivastava ’03 
Soft hair on black holes  Hawking Perry, Strominger ’16, ’18
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Locality

Unitarity Equivalence  
 principle



Information loss

Purely thermal Hawking radiation implies non-unitary evolution  
                                                                                Hawking ’76 

Generalized quantum mechanics     Hawking ’82 
    
   - replace states by density matrices 

   - replace S matrix by super-scattering operator $

Energy not conserved - vacuum heats up to Planck temperature 
                                                                                     Banks, Susskind, Peskin ’84  
                                                                        Ellis, Hagelin, Nanopoulos, Srednicki ’84

Decoherence without dissipation  Unruh, Wald ’95;  Unruh ’12



Black hole remnants

R

amplitude � G
�

R

1
M2

R
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remnant
Information about initial state stored in a  
stable remnant    Aharonov, Casher, Nussinov ’87

Need a Planck scale remnant for every  
possible initial black hole 

   - infinite degeneracy of states 

   - divergent contribution to quantum loops

Possible loophole: Remnants with large  
intrinsic geometry     Banks, O’Loughlin ’92 
                                         Hossenfelder, Smolin ’09



Unitary black hole evolution

(3) If  the initial state of  collapsing matter is a pure quantum state then  
     the system as a whole remains in a pure state at all times 

(4) After BH forms, the full system can be divided into subsystems 
           A  -  (distant) outgoing Hawking radiation 
           B  -  everything else (including BH) 

Assumptions: 

(1) A black hole is a quantum system with discrete energy levels and finite 
density of  states 

(2)  The dimension of  the subspace of  states that describe a black hole  
      of  mass M is expSBH(M)

Susskind, LT, Uglum (1993)

D.N.Page (1980) 
G. ’t Hooft (1990) 

L.Susskind, LT, J.Uglum (1993) 
K.Schoutens, E.Verlinde, H.Verlinde (1993)

…



Black hole complementarity
Susskind, LT, Uglum ’93

There is no contradiction between outside observers finding information encoded 
in Hawking radiation and infalling observers entering a black hole unharmed.

•  Apparent violation of no-cloning theorem of QM 

• Low energy observers in any single reference frame cannot detect  
duplication of information 

• Contradictions only arise when descriptions in very different reference 
frames are compared 

• BHC is consistent with known low-energy physics but implies non-locality 
and a new degree of relativity in spacetime physics



Tests of black hole complementarity

Membrane paradigm   Thorne, Price, MacDonald ’82-’86 
Replace black hole by a stretched horizon -- a membrane ‘near’ the event 
horizon 
In astrophysical applications ‘near’ means close compared to f.ex. distance to 
companion in a binary system

Quantum mechanical stretched horizon    Susskind, LT, Uglum’93 

Minimal stretching:  

Unspecified microphysics with 

Ash = Aeh + 1

# of states = exp(A/4)

Gedanken experiments     Susskind, LT ’93 
Apparent violations of BHC can be traced to assumptions about physics at 
Planck energy (or higher) 
Information paradox involves Planck scale in subtle ways



Input from string theory

Black hole entropy   Strominger, Vafa ’96 

String theory provides a microphysical basis for the entropy of a certain class of 
(supersymmetric) black holes  

  --  leaves no room for black hole remnants 

Sbh =
A

4
= log (# of microstates)

Gauge theory / gravity correspondence   Maldacena 1997 

Non-perturbative string theory defined in terms of unitary quantum field theory 

--  implementing unitarity on the gravity side remains a challenge 

--  large AdS black holes are well-described by finite temperature QFT     Witten 1998 

--  small AdS black holes are more directly relevant to information problem 
                                                                         Lowe, LT 1999 (+ work in progress)



Unitary black hole evolution

(3) If  the initial state of  collapsing matter is a pure quantum state then  
     the system as a whole remains in a pure state at all times 

(4) After BH forms, the full system can be divided into subsystems 
           A  -  (distant) outgoing Hawking radiation 
           B  -  everything else (including BH) 

Assumptions: 

(1) A black hole is a quantum system with discrete energy levels and finite 
density of  states 

(2)  The dimension of  the subspace of  states that describe a black hole  
      of  mass M is expSBH(M)

Susskind, LT, Uglum (1993)

D.N.Page (1980) 
G. ’t Hooft (1990) 

L.Susskind, LT, J.Uglum (1993) 
K.Schoutens, E.Verlinde, H.Verlinde (1993)

…



Average entropy of  a subsystem

Consider a quantum system with Hilbert space of dimension  
in a random pure state. 

A subsystem of dimension                has average entanglement entropy 

m⇥ n

m < n

D.N. Page (1993), S. Sen (1996)
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figure from Page ’93
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Page curve for unitary BH evolution

4 Generalized entropy

In order to derive a Page curve for these semi-classical black holes, we adapt the
expression for the generalized entropy,

Sgen = Area(I)
4GN

+ SBulk[SAI ] , (4.1)

to the two-dimensional setting at hand. The first term on the right hand side involves
the area of the transverse two-sphere evaluated locally at an island, and gives zero
in the absence of an island. Comparing with the black hole entropy in (3.9) yields
2e

≠2„(I) as the area contribution of an island in the classical limit. The natural semi-
classical extension of this expression, which gives zero in the absence of an island, is
given by

Area(I)
4GN

= 2
1
�(I) ≠ �crit

2
. (4.2)

The second term on the right hand side in (4.1) is universal and is the main
focus of this section. It is the von Neumann entropy of the CFT matter fields on a
spacelike surface SAI that is bounded at one end by the island I and at the other end
by a point A on a timelike anchor curve. We take the anchor curve to be a constant
� curve with � = �A ∫ M so that it is located well outside the black hole. For an
eternal black hole (3.34) a curve of constant � is at a fixed spatial coordinate, ‡ = ‡A

in the manifestly asymptotically flat coordinate system (3.35). For an evaporating
black hole, the corresponding statement is no longer exact due to the log term in
(3.36). The spatial location of the anchor curve drifts in the asymptotic coordinates
(3.21) but for �A ∫ M the drift is extremely slow and can be ignored on time scales
of order the black hole lifetime. The final answer for SBulk does not depend on which
SAI is chosen as long as it is a spacelike surface that connects A and I. In the absence
of an island, the surface SAI is instead bounded by A at one end and a point on the
boundary curve � = �crit at the other.

Following [11], we compute the von Neumann entropy holographically by pass-
ing to a three-dimensional gravitational theory and evaluating the geodesic length
between the points where A and I are embedded in the dual three-dimensional space-
time,

SBulk[SAI ] ƒ
Length
4G(3)

. (4.3)

The calculation is simplified if we arrange the embedding geometry to be pure AdS3.
This can be achieved in two steps. The first step is to identify a set of light-cone
coordinates

ds
2 = ≠e2fldy

+dy
≠

. (4.4)

where the integration functions t±(y±) are zero. The second step is to perform a
Weyl rescaling of the two-dimensional metric that strips o� the conformal factor e

2fl.
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Generalised entropy:

Entanglement between outgoing Hawking radiation and remaining black hole

Area term dominates after Page time and gives a result consistent with unitarity

Semi-classical theory is surprisingly effective but unitarity remains obscure

Can semi-classical results for SEE(rad) be reconciled with unitary BH evolution?

0 tPage tlifetime

0

Sinit

2Sinit

no isla
nd

island

Figure 1. Page curve for an evaporating RST black hole.

the Quantum Ryu-Takayanagi (QRT) formula [7–10] and the existence of extremal
hypersurfaces terminating on so-called islands behind the event horizon [11]. A ver-
sion of the Page curve can also be obtained for eternal AdS black holes, but in this
case the islands extend outside the horizon [12]. Explicit computations have for the
most part been restricted to two-dimensional Jackiw-Teitelboim gravity [5, 11], but
see [13] for a discussion of islands in higher dimensional AdS black hole spacetimes.

In the present paper we demonstrate that the QRT formula can also be applied
in the context of an evaporating black hole in asymptotically flat spacetime. At
leading semi-classical order in the model that we use, and for a large initial black
hole mass, the Page time is found to be one third of the black hole lifetime. This
main result is presented in Figure 1, where the entanglement entropy of the outgoing
Hawking radiation that has passed beyond a distant spatial reference point is plotted
as a function of time registered at the reference point.

We work with a two-dimensional dilaton gravity model of the type introduced
by Callan, Giddings, Harvey, and Strominger (CGHS) in [14]. More specifically,
the dilaton gravity sector is that of the model introduced by Russo, Susskind, and
Thorlacius (RST) in [15], which remains analytically solvable at the semi-classical
level. For the matter sector, we take a two-dimensional CFT with a large central
charge c ∫ 1, but rather than working with a large number of free scalar fields
as in the CGHS-model, we assume that the conformal matter is holographic. This
allows us to take advantage of an insight put forward by Almheiri et al. [11] in the
context of two-dimensional AdS gravity, and use a three-dimensional gravitational

– 2 –

unitary BH evolution

SEE(rad)

time

Answer is “yes” if a correction motivated by holographic duality is included
Penington (2019)  

Almheiri, Engelhardt, Marolf, Maxfield (2019)



Semi-classical Page curves

Black holes in AdS coupled to external CFT Penington (2019)  
Almheiri, Engelhardt, Marolf, Maxfield (2019) 

Almheiri, Mahajan, Maldacena (2019) 
Almheiri, Mahajan, Santos (2019)

…

Black holes in asymptotically flat spacetime Gautason, Schneiderbauer, Sybesma, LT (2020)  
Anegawa, Iizuka (2020) 

Hashimoto, Iizuka, Matsuo (2020) 
Hartman, Shagoulian, Strominger (2020)

…

Subsystems:       rad  —  external CFT containing Hawking radiation 
                           bh  —  CFT dual of AdS containing evaporating BH

Extract Hawking radiation via coupling to external CFT Rocha (2008)

Adapt semi-classical entropy prescription to two-dimensional dilaton gravity model

Explicit analytic results for semi-classical RST black holes

Full system is in a pure state:  SEE(rad) = SEE(bh)

Use (quantum corrected) holographic entanglement entropy to evaluate SEE(bh)

Gautason et al.:

Derivation of generalised entropy formula using replica wormholes
 G.Penington, S.Shenker, D.Stanford, Z.Yang (2020)

    A.Almheiri, T.Hartman, J. Maldacena, E. Shaghoulian, A. Tajdini (2020)
                                          T.Hartman, E. Shaghoulian, A.Strominger (2020)



Generalized entropy Ryu, Takayanagi (2006) 
Hubeny, Rangamani, Takayanagi (2007) 

Faulkner, Lewkowycz, Maldacena (2013)  
Engelhardt, Wall (2014)

Figure 1: The red segment indicates a spatial region, A, of the boundary theory. The
leading contribution to the entanglement entropy is computed by the area of a minimal
surface that ends at the boundary of region A. This surface divides the bulk into two,
region Ab and its complement. Region Ab lives in the bulk and has one more dimension
than region A. The leading correction to the boundary entanglement entropy is given by
the bulk entanglement entropy between region Ab and the rest of the bulk.

We find that the quantum corrections are essentially given by the bulk entanglement

entropy. More precisely, the minimal surface that appears in (1.1) divides the bulk into two

regions. We denote by Ab the bulk region that is connected to the boundary region A, see

figure 1 . Then the bulk quantum correction is essentially given by the bulk entanglement

entropy between region Ab and the rest of the bulk. Namely, at this order, we can think of

the bulk as an e↵ective field theory living on a fixed background geometry and compute

the entanglement entropy of region Ab as we would normally do in any quantum field

theory1 . This is a computation in the bulk e↵ective field theory, it depends on the details

of the bulk fields. We can then write the quantum correction as

S(A) = Scl(A) + Sq(A) +O(GN) , (1.2)

Sq(A) = Sbulk�ent(Ab) + · · · (1.3)

The dots in (1.3) denote some extra one loop terms that can be expressed (like the

classical term (1.1)) as an integral of local quantities. We will give a more detailed dis-

cussion of these terms below. They include terms that cancel the UV divergencies of the

bulk entanglement entropy, so that Sq is a finite quantity. In the case of black holes, this

expression for the quantum correction has been discussed in [7–12,14,15], with increasing

1Caution: do not confuse the bulk entanglement entropy (1.3) with the one computed by the area
formula (1.1). Both are computed in the bulk and are entanglement entropies, so unfortunately we have
a clash of terminology. Hopefully, this will not cause confusion. Note also that [6] discussed a proposal of
entanglement entropy in gravitational theories which does not require the surfaces to be minimal.

2

As

figure from Faulkner et al. (2013)

When there is more than one quantum extremal surface  As  we are instructed to choose 

the one that gives the smallest entropy

Quantum corrected holographic entanglement entropy of boundary region  A

Sgen(A) = minAs

⇢
extAs


Area(As)

4GN
+ Sbulk(Ab)

��

For a black hole in AdS coupled to external CFT:   Penington (2019) 

     —   A is the entire spatial boundary (where dual CFT is defined) 

     —   As  is a co-dimension two surface inside the bulk geometry

For a black hole in asymptotically flat spacetime:  Gautason et al. (2019) 

     —   A is a spatial boundary outside black hole (in asymptotic region) 

     —   As  is a co-dimension two surface inside the bulk geometry



Page curve for evaporating RST black holes
Gautason et al. (2020)

ii)  adapt generalised entropy to asymptotically flat 
      background (with linear dilaton)

iii) 2d matter described by strongly coupled CFT 
use AdS_3 holography to calculate S Bulk

cf. Almheiri, Mahajan, Maldacena, Zhao (2019)

i)   work with solvable 2d semi-classical model 

iv)  coupling to an external bath is unnecessary - 
      ‘inside’ and ‘outside’ separated by anchor curve

v)  explicit analytic result for generalised entropy

Figure 5. Penrose diagram of a dynamical RST black hole with two spacelike hyper-
surfaces indicated, one before the Page time and the other after, corresponding to the
no-island and island configurations, respectively.

where we have used (3.36) for the area term 2(�(I) ≠ �crit) and the coordinate
distance d(A, I) =

Ô
≠�Ê+�Ê≠ has been expressed in (v, u) coordinates. We are

assuming that the island is located outside the infalling shell of matter and that both
the anchor point and the island lie in a region where a classical approximation can
be used for the conformal factor of the dynamical black hole metric. The anchor
point is by assumption far outside the black hole where the classical approximation
is always valid. It turns out to also be valid for the island for much of the lifetime
of an evaporating black hole provided it starts out with a large enough mass but it
will fail towards the end of the lifetime when the black hole has evaporated down to
a small size.

Extremizing (5.12) over (vI , uI) yields the following two conditions,

0 = ≠2M(1 + uI) + c

12vI

1 + uI

(1 ≠ vI(1 + uI)) + c

24vI
≠

c

6vI log
1

vA
vI

2 , (5.13)

0 = ≠2MvI + c

12uI

vI

(1 ≠ vI(1 + uI)) + c

24uI
≠

c

6uI log
1

uA
uI

2 . (5.14)

In order to solve for the location of the island we make the simplifying assumption
log(vA

vI
) ∫ 1, which allows us to drop the last term on the right in the top equation,

and later on we verify the self-consistency of this assumption. The resulting equations

– 18 –

no island

Ab

anchor 
curve

Anchor
Curve

Island

Figure 2. Penrose diagram of an evaporating RST black hole formed from collapsing
matter (green). A timelike anchor curve separates the spacetime into interior and exterior
regions. As time evolves along this curve, more and more Hawking radiation has passed
through it on its way to future null infinity. The island moves with time along the purple
curve inside the event horizon.

radiation emitted from the black hole will pass through the anchor curve as depicted
in Figure 2. Hence, we do not need to artificially split our system into a QFT dual
to the black hole plus an auxiliary system where the Hawking quanta are collected
as in an AdS background. Instead the split is taken care of in a natural way by the
anchor curve dividing the system into an “inside” part containing the black hole and
and an “outside” region containing outgoing Hawking radiation. We will compute
the entanglement entropy between the radiation that has passed through the anchor
curve and all that remains inside, including the black hole itself, and see explicitly
that it follows a Page curve as a function of time experienced by asymptotic observers
who remain stationary with respect to the black hole. The challenging aspect of the
computation is the evaluation of the second term in (2.1) for any given trial island I.
To simplify this task, we follow [11] and use AdS3/CFT2 duality to compute the von
Neumann entropy of the bulk fields using a standard Ryu-Takayanagi prescription.
We will come back to this in Sec. 4.
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regions. As time evolves along this curve, more and more Hawking radiation has passed
through it on its way to future null infinity. The island moves with time along the purple
curve inside the event horizon.
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to the black hole plus an auxiliary system where the Hawking quanta are collected
as in an AdS background. Instead the split is taken care of in a natural way by the
anchor curve dividing the system into an “inside” part containing the black hole and
and an “outside” region containing outgoing Hawking radiation. We will compute
the entanglement entropy between the radiation that has passed through the anchor
curve and all that remains inside, including the black hole itself, and see explicitly
that it follows a Page curve as a function of time experienced by asymptotic observers
who remain stationary with respect to the black hole. The challenging aspect of the
computation is the evaluation of the second term in (2.1) for any given trial island I.
To simplify this task, we follow [11] and use AdS3/CFT2 duality to compute the von
Neumann entropy of the bulk fields using a standard Ryu-Takayanagi prescription.
We will come back to this in Sec. 4.
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Figure 1. Page curve for an evaporating RST black hole.

the Quantum Ryu-Takayanagi (QRT) formula [7–10] and the existence of extremal
hypersurfaces terminating on so-called islands behind the event horizon [11]. A ver-
sion of the Page curve can also be obtained for eternal AdS black holes, but in this
case the islands extend outside the horizon [12]. Explicit computations have for the
most part been restricted to two-dimensional Jackiw-Teitelboim gravity [5, 11], but
see [13] for a discussion of islands in higher dimensional AdS black hole spacetimes.

In the present paper we demonstrate that the QRT formula can also be applied
in the context of an evaporating black hole in asymptotically flat spacetime. At
leading semi-classical order in the model that we use, and for a large initial black
hole mass, the Page time is found to be one third of the black hole lifetime. This
main result is presented in Figure 1, where the entanglement entropy of the outgoing
Hawking radiation that has passed beyond a distant spatial reference point is plotted
as a function of time registered at the reference point.

We work with a two-dimensional dilaton gravity model of the type introduced
by Callan, Giddings, Harvey, and Strominger (CGHS) in [14]. More specifically,
the dilaton gravity sector is that of the model introduced by Russo, Susskind, and
Thorlacius (RST) in [15], which remains analytically solvable at the semi-classical
level. For the matter sector, we take a two-dimensional CFT with a large central
charge c ∫ 1, but rather than working with a large number of free scalar fields
as in the CGHS-model, we assume that the conformal matter is holographic. This
allows us to take advantage of an insight put forward by Almheiri et al. [11] in the
context of two-dimensional AdS gravity, and use a three-dimensional gravitational

– 2 –
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time



Entanglement wedges

Initial data on A is sufficient to determine bulk fields inside the causal diamond of A.

A’ has the same causal diamond as A and the same entanglement entropy.

Black hole entanglement wedge at time tA is 

the causal diamond of a spatial region between 

point tA on anchor curve and its QES.

A

A0

⌃

Anchor
Curve

Island
Curve

Figure 1. A Penrose diagram of an evaporating RST black hole formed from collapsing
matter. A timelike Anchor Curve separates the spacetime into interior and exterior regions.
As time evolves along this curve, more and more Hawking radiation has passed through it
on its way to future null infinity. The island moves with time along the Island Curve inside
the event horizon.

where �0 is an arbitrary constant that can be absorbed into the coordinate r. Since
the effective gravitational Newtons constant is determined by the dilaton itself, Geff =

G(2)e2� we see that the gravitational strength becomes large as r tends to �1. It is
often useful to view the two-dimensional theory as a dimensional reduction of a four-
dimensional model. From this point of view the function e�2� has the interpretation
of the are of the transverse 2-sphere and Geff is the original four-dimensional Newton’s
constant.

Throughout this paper will often employ so-called Kruskal gauge in which the
metric takes the form

ds2 = �e2�dx+dx� . (3.3)

The equations of motion then reduce to

@+@�e
�2� + 1 = @2

+e
�2� = @2

�e
�2� = 0 , (3.4)

with a general solution
e�2� = M � x+x� . (3.5)
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tA

Radiation entanglement wedge at time tA

is formed from the causal diamonds of the 

complement of the spatial region.



Bulk fields in black hole interior

Old black hole: (tA  >  tPage) 

Bulk fields on island no longer contribute to generalised entropy of black hole

DOF’s on black hole horizon need only describe small part of black hole interior

—  regulate trans-Planckian modes using infalling lattice   Corley, Jacobson (1997)              

historically been called the “entanglement wedge” [65, 72, 73]. Following our presentation

perhaps a better name would be “the fine-grained entropy region,” but we will not attempt

to change the name.

As a first example, let us look again at a black hole formed from collapse but before the

Page time. The minimal surface is now a vanishing surface at the origin and the entanglement

wedge of the black hole is the region depicted in green in figure 18a.

Figure 18: In green we show the entanglement wedges of the black hole and in blue the
entanglement wedges of the radiation region. Di↵erent figures show the wedges at di↵erent
times. They are di↵erent because there is transfer of quantum information through the cuto↵
surface. To describe the white regions we need information both from the black hole region
and the radiation region.

As a second example, we can look at the entanglement wedges of both the black hole and

the radiation at late times, larger than the Page time. These are shown in figure 18(b). The

idea is that the black hole degrees of freedom describe the region of the spacetime in the

black hole entanglement wedge while the radiation describes the degrees of freedom in the

radiation entanglement wedge. It is important that the degrees of freedom that describe the

black hole only describe a portion of the interior, the green region in figure 18(b). The rest

of the interior is encoded in the radiation.

Note how this conclusion, namely that the interior belongs to the entanglement wedge

of the radiation, follows from the same guiding principle of using the fine-grained entropy.

Since the fine-grained entropy of the radiation after the Page time contains the interior as

part of the island, its entropy is sensitive to the quantum state of that region; a spin in a

mixed state in the island contributes to the fine-grained entropy of the radiation.

32

figure from Almheiri, Hartman, Maldacena, Shaghoulian, Tajdini (2020)

—  toy model for reconstructing bulk fields in the black hole entanglement wedge.

Do we have enough DOF’s to encode observations made by an infalling observer? 

—  infalling observers only encounter modes that originate from a scrambling time 
or less before they enter    Lowe, LT (2015)

Lowe, LT (2016, 2017)



Model BH scrambling dynamics by a quantum circuit with a total number of qubits of order S 

and a universal set of primitive gates.

Holographic quantum complexity
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Figure 1: The Penrose diagrams for two-sided eternal black holes (left) and one-sided

black holes that form from collapsing shock waves (right). The two-sided black hole is

dual to an entangled state of two CFTs that live on the left and right boundaries; the

one-sided black hole is dual to a single CFT. The (old) complexity/volume conjecture

related the complexity of the entangled CFT state to the volume of the maximal spatial

slice anchored at the CFT state. Our (new) complexity/action conjecture relates the

complexity of the CFT state to the action of the Wheeler-DeWitt patch.
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one-sided black hole is dual to a single CFT. The (old) complexity/volume conjecture

related the complexity of the entangled CFT state to the volume of the maximal spatial

slice anchored at the CFT state. Our (new) complexity/action conjecture relates the

complexity of the CFT state to the action of the Wheeler-DeWitt patch.
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The quantum complexity of a circuit state is the minimum number of primitive gates needed 

to obtain that state from a given reference state.

Assuming each qubit gets acted on by at most one primitive gate per cycle we expect �C
�⌧

⇠ S

or, if each cycle takes of order one unit of Rindler time:

Hayden, Preskill (2006)

⌧R =
2⇡

�
tS

dC
dtS

⇠ S T

1) Complexity equals volume

Holographic complexity conjectures: 

2) Complexity equals action

Susskind (2014)

Brown, Roberts, Susskind, Swingle, Zhao (2015)

C ⇠ V

GNR0

C =
A
⇡ WdW patch

At late times both 1) and 2) give  
<latexit sha1_base64="9s3G6SR8IoWGzaxB9uW0hs08twY=">AAACEXicbVC7SgNBFJ31GeMramkzGIRIJOyGoJaBNBYWUfOCbFhmZ2eTIbMPZu4KYckv2PgrNhaK2NrZ+TdOHoUmHrhwOOde7r3HjQVXYJrfxsrq2vrGZmYru72zu7efOzhsqSiRlDVpJCLZcYligoesCRwE68SSkcAVrO0OaxO//cCk4lHYgFHMegHph9znlICWnFzBDggMKBFpbWwrHuB7+xw3dBXAuSmCc3dWtIUXgXJyebNkToGXiTUneTRH3cl92V5Ek4CFQAVRqmuZMfRSIoFTwcZZO1EsJnRI+qyraUgCpnrp9KMxPtWKh/1I6goBT9XfEykJlBoFru6c3K8WvYn4n9dNwL/qpTyME2AhnS3yE4EhwpN4sMcloyBGmhAqub4V0wGRhIIOMatDsBZfXiatcsm6KFVuK/lqeR5HBh2jE1RAFrpEVXSN6qiJKHpEz+gVvRlPxovxbnzMWleM+cwR+gPj8wf+k5vO</latexit>

C ⇠ S T (tL + tR) + . . .



C = A : Evaluate action on Wheeler-deWitt patch
43

where c is an arbitrary constant, the change in the counterterm is given by

�S̄⌃ = �S⌃ � 2

Z

⌃

⇥�
p
� d

2
✓ d� , (B5)

so that

S̄⌃(joined) +�S̄⌃ = S⌃(joined) +�S⌃. (B6)

With this counterterm, therefore, the boundary action becomes invariant under a reparametrization of the null
generators.

To see how Eq. (B4) was obtained, take � to be infinitesimal, perform a Taylor expansion of the transformed
boundary action, and obtain

S̄⌃(joined) +�S̄⌃ = S⌃(joined) +�S⌃ +

Z

⌃

�

✓
2⇥+⇥

dL
d⇥

� L
◆
p
�d

2
✓d� . (B7)

Then to have invariance of the action for an arbitrary �, we require

⇥
dL
d⇥

� L+ 2⇥ = 0, (B8)

and the solution to this di↵erential equation is Eq. (B4).

Appendix C: Action User’s Manual

We include a summary of how to evaluate the gavitational action with all its relevant contributions. We write the
gravitational action as

SV :=

Z

V
(R� 2⇤)

p
�g dV

+2⌃Ti

Z

@VTi

K d⌃+ 2⌃Sisign(Si)

Z

@VSi

K d⌃� 2⌃Nisign(Ni)

Z

@VNi

 dSd�

+2⌃jisign(ji)

I
⌘ji dS + 2⌃misign(mi)

I
ami dS (C1)

where we have arranged contributions from the bulk, surfaces, and joints in the first, second and third lines respectively.
For bookkeeping, spacelike, timelike and null boundary surfaces are labeled by Si, Ti and Ni, respectively. Joints
formed by an intersection involving no null segments are denoted by ji, while those with at least one null segment are
denoted by mi.

The expressions for surface and joint contributions are sensitive to the conventions adopted. We have chosen
conventions whereby the timelike vectors normal to spacelike boundary segements are always directed towards the
future, the null vectors tangent to null boundary segments are always directed towards the future, and spacelike
vectors normal to timelike boundary segments always point out away from the volume of interest. Consequently, for
surface contributions, the following signs must be accounted for:

• For spacelike boundaries, sign(Si) = 1(�1) if the spacetime volume for which we are evaluating the action lies
to the future (past) of the boundary segment, i.e., the normal vector points into (out of) the region of interest.

• For null boundaries, sign(Ni) = 1(�1) if the volume of interest lies to the future (past) of the null segment.

The joint contributions, discussed in sections II E, IIG, and IIH are summarized in a rather straightforward
way below. While our description of the contributions coming from joints between spacelike and/or timelike surfaces
might appear to di↵er from that given in [4, 25], our results are in fact in precise agreement with those earlier works,
and our summary provides an explicit prescription for the sign of these terms, which was previously left ambiguous.

⌃ Joints formed by the intersection of spacelike surfaces:
As in the main text, we denote the (future-directed) timelike unit normal to each hypersurface as n

↵
i with i = 1, 2.

For each boundary segment we introduce a spacelike unit vector p↵i which is in the tangent space of the corresponding

k�r�k
↵ =  k↵

null boundaries

)  = 0 if � is a�ne

Brown, Roberts, Susskind, Swingle, Zhao (2015)

Prescription for gravitational action with null boundaries

Lehner, Myers, Poisson, Sorkin (2016)



A Kruskal diagram including the WdW patch for late times is given in Figure 4. As is

usual for the CA prescription in the context of two-sided black holes, we have to provide

a second anchor point on a ‘left’ anchor curve, see e.g. [19, 20]. The result for complexity

growth will then be a function of tR�tL where tR (tL) are the tortoise times w.r.t. the right

(left) side associated to the respective anchor point position, see Figure 4. For simplicity,

we take the two anchor points to move symmetrically as time progresses, i.e. tL = �tR, so

that the result only depends on t = tR. In this case, we expect the complexity growth to

have twice the contribution of a one-sided black hole.

x� x+

Patch

WdW

White Hole Singularity

Black Hole Singularity

tL tR

Figure 4. Kruskal diagram of eternal black hole. A symmetric WdW patch is presented. Color
coding agrees with previous figures.

The variation of the Kruskal area A is easily performed and indeed provides the ex-

pected holographic complexity growth

Ċ = 4M , (3.16)

in the late time limit.

4 Semi-Classical Black Hole Complexity

4.1 Evaporating Black Hole

Again, we study an incoming leftmoving shockwave pulse of energy M at x+ = x+0 of the

form

T f
++ =

M

x+0
�(x+ � x+0 ) . (4.1)

The semi-classical collapse solution, in terms of the field ⌦ defined in (2.16), using Kruskal

coordinates, is given by [12]

⌦(x+, x�) = �x+x� +
�
x+0 � x+

� M

x+0
⇥(x+ � x+0 )�



4
ln
�
�x+x�

�
, (4.2)
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dC
dt

= 4M

Semi-classical black hole complexity

The prescription of Lehner et al. can be adapted to semiclassical 2d model

  L.Schneiderbauer, W.Sybesma, LT (2020)

RST static black hole with balanced incoming and outgoing energy flux



units there. However, the error is negligible as long as the black hole remains large compared

to the Planck scale, i.e. whenever the semi-classical approximation can be relied on in the

first place. With these ingredients, it is now possible to define the WdW patch in a similar

fashion as in the classical case, see Figure 6.
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x +

=
x +
0
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0

x�

x+

Horizon
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x +

=
x +
0

t =
0

Figure 6. Kruskal diagrams of evolution of a WdW patch of an evaporating black hole. Color
coding coincides with Figure 5.

The on-shell action (2.41), together with the field ⌘ given by (4.5), can be formulated

as

C = 2A+


2
B :=

Z

WdW
dx+dx� +



2

Z

WdW

dx+

x+
dx�

x�
. (4.10)

In addition to the ‘flat’ reference metric area A in Kruskal coordinates, the semi-classical

holographic complexity acquires a correction 
2B. For future evaluation purposes, we note

that the correction term can also be given an ‘area’ interpretation, by changing from

Kruskal coordinates to their logarithm,

�+ = log(x+)

�� = log(�x�) .
(4.11)

To evaluate holographic complexity we again consider two cases: the WdW patch anchored

in the region before the shock wave arrives, x+ < x+0 , and after, x+ > x+0 .

Before incoming shockwave The evaluation of the change of area A is completely

analogous to the classical case, see Figure 6. We have

dA =
�
x�B(x

+
A)� x�A

�
dx+A �

�
x+A � x+B(x

�
A)

�
dx�A , (4.12)

which can be evaluated, making use of (4.8) and (4.9), to give

dA =
⇣
Met �



4
+O

�
M�1

�⌘
dt . (4.13)

– 18 –

units there. However, the error is negligible as long as the black hole remains large compared

to the Planck scale, i.e. whenever the semi-classical approximation can be relied on in the

first place. With these ingredients, it is now possible to define the WdW patch in a similar

fashion as in the classical case, see Figure 6.

x�

x+

Horizon

Stretched

x +

=
x +
0

t =
0

x�

x+

Horizon

Stretched

x +

=
x +
0

t =
0

Figure 6. Kruskal diagrams of evolution of a WdW patch of an evaporating black hole. Color
coding coincides with Figure 5.

The on-shell action (2.41), together with the field ⌘ given by (4.5), can be formulated

as

C = 2A+


2
B :=

Z

WdW
dx+dx� +



2

Z

WdW

dx+

x+
dx�

x�
. (4.10)

In addition to the ‘flat’ reference metric area A in Kruskal coordinates, the semi-classical

holographic complexity acquires a correction 
2B. For future evaluation purposes, we note

that the correction term can also be given an ‘area’ interpretation, by changing from

Kruskal coordinates to their logarithm,

�+ = log(x+)

�� = log(�x�) .
(4.11)

To evaluate holographic complexity we again consider two cases: the WdW patch anchored

in the region before the shock wave arrives, x+ < x+0 , and after, x+ > x+0 .

Before incoming shockwave The evaluation of the change of area A is completely

analogous to the classical case, see Figure 6. We have

dA =
�
x�B(x

+
A)� x�A

�
dx+A �

�
x+A � x+B(x

�
A)

�
dx�A , (4.12)

which can be evaluated, making use of (4.8) and (4.9), to give

dA =
⇣
Met �



4
+O

�
M�1

�⌘
dt . (4.13)

– 18 –

202M

0 tS tE

Ċ
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Figure 7. The growth rate Ċ of holographic complexity as a function of tortoise time t, using
the CA prescription, for evaporating black holes of di↵erent initial mass. The exponential onset
at the creation time of the black hole is followed by a linear fallo↵ period until the black hole has
evaporated.

This result holds until the black hole has fully evaporated, but, as stated above, it becomes

unreliable when the remaining mass is of order the Planck scale.

The total result is plotted in Figure 7. The plot confirms the continuity and linear

fallo↵ of the growth rate of holographic complexity Ċ. A short time before the lifetime tE
of the black hole has been reached, the value of the complexity growth rate hits zero and

subsequently becomes slightly negative. This is potentially problematic, since there is no

reason to believe, that the complexity growth rate of an evaporating black hole should ever

be negative. However, at that time, the mass of the black hole has already attained the

Planck scale, and, as stated above, our result is not trustworthy anymore.

4.2 Eternal Black Hole

We can also study a semi-classical eternal black hole by including a heat bath at spatial

infinity, with a temperature equal to the Hawking temperature of the black hole. The heat

bath provides a steady incoming energy flux which matches the outgoing flux from the

radiating black hole. The solution, in Kruskal coordinates, is given by [18]

⌦(x+, x�) = �x+x� +M +


4
�



4
log

⇣
4

⌘
. (4.23)

The spacetime curvature is singular where ⌦ = ⌦crit, i.e. on curves satisfying

x+S x
�
S = M , (4.24)

describing a black hole and white hole singularity. These are the same curves as for the

singularities of the classical eternal black hole described by (3.15). The Kruskal diagram for

a semi-classical eternal black hole solution is thus identical to that of a classical eternal black

hole, shown in Figure 4, but the physics described by the semi-classical solution is somewhat

di↵erent. In contrast to all other solutions considered in this work, the parameter M

in (4.23) is not proportional to the ADM mass of the black hole. Since the semi-classical
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Figure 7. The growth rate Ċ of holographic complexity as a function of tortoise time t, using
the CA prescription, for evaporating black holes of di↵erent initial mass. The exponential onset
at the creation time of the black hole is followed by a linear fallo↵ period until the black hole has
evaporated.

growth up to corrections of order M�1 even before the scrambling time. The final exact

result for the complexity growth rate after the black hole creation is given by

Ċ(t) = 2M

 
1�

t+ 1 + log
�
4M
 + e�t

�

4M
 + e�t

!

= 2M �
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e�t
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.

(4.22)

This result holds until the black hole has fully evaporated, but, as stated above, it becomes

unreliable when the remaining mass is of order the Planck scale.

The total result is plotted in Figure 7. The plot confirms the continuity and linear

fallo↵ of the growth rate of holographic complexity Ċ. A short time before the lifetime tE
of the black hole has been reached, the value of the complexity growth rate hits zero and

subsequently becomes slightly negative. This is potentially problematic, since there is no

reason to believe, that the complexity growth rate of an evaporating black hole should ever

be negative. However, at that time, the mass of the black hole has already attained the

Planck scale, and, as stated above, our result is not trustworthy anymore.

4.2 Eternal Black Hole

We can also study a semi-classical eternal black hole by including a heat bath at spatial

infinity, with a temperature equal to the Hawking temperature of the black hole. The heat

bath provides a steady incoming energy flux which matches the outgoing flux from the

radiating black hole. The solution, in Kruskal coordinates, is given by [18]

⌦(x+, x�) = �x+x� +M +


4
�
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log
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4
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. (4.23)

The spacetime curvature is singular where ⌦ = ⌦crit, i.e. on curves satisfying

x+S x
�
S = M , (4.24)
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Semi-classical black hole entropy: Myers (1994);  
Hayward (1994);  
Solodukhin (1995)

black holes in classical Einstein gravity the ambiguity does not a↵ect the late time rate of

increase of complexity [15]. In the context of semi-classical black holes, the finite black hole

lifetime limits the ability to take a late time limit and the ambiguity involving boundary

terms needs to be addressed in order to have a well-defined CA prescription. This can

be achieved in a natural way in the RST model by extending a symmetry of the original

semi-classical bulk theory to the boundary terms as well. The final analytic result for

complexity growth rate during the evaporation process, presented in formula (4.22), has

several interesting features.

First, it confirms linear fallo↵ of Ċ with time after the scrambling time tS , already

observed (numerically) in [10] using a CV prescription. In fact, up to small corrections,

equation (4.22) exhibits linear behaviour already from t = 0, the time of black hole forma-

tion, in contrast to CV where the numerics indicates an initial adjustment period of order

the scrambling time. The linear fallo↵ is important, as it captures the time evolution of the

entropy of the evaporating black hole. Classical black hole entropy is given by S0 = 2M

in this model and at the semi-classical level the black hole radiates mass at a constant

rate /4, so that

S0(t) = 2M(t) = 2M �


2
t . (5.1)

The Hawking temperature is independent of black hole mass in this model so the relation

Ċ(t) / S(t) T , (5.2)

is seen to hold at leading order in a /M expansion for large initial black hole mass.

Second, the subleading logarithmic term in the rate of complexity increase in (4.22)

can also be given an interpretation in terms of entropy. In [13, 14], it was shown that the

leading order quantum-corrected entropy for a semi-classical black hole in equilibrium with

a thermal heat bath, is given by

S = 2e�2�h +


2
�h �



2
+



4
log



4
, (5.3)

where �h is the value of the dilaton field at the horizon. When evaluated for a dynamical

solution of the RST model describing a black hole formed by an incoming shock wave, this

gives

S = 2M �


2
log

✓
4M



◆
�



2
, (5.4)

immediately after the black hole is formed and zero at the evaporation endpoint. Compar-

ing to (4.22) shows that the rate of complexity growth at the onset of black hole evaporation

is consistent with the relation (5.2), even including the subleading logarithmic term.8 If we

instead evaluate the entropy formula (5.3) for the static solution (4.23), describing an eter-

nal black hole in equilibrium with a heat bath, we find that the entropy takes its classical

value,

S = 2M . (5.5)

8
Due to the slow evolution of the logarithm, this remains true for the bulk of the black hole lifetime.
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Complexity for evaporating black hole

Semi-classical theory is again surprisingly effective

Rate of change of complexity:



#2 :  Local effective field theory (extended inside horizon)

-  approximate description to match available measurement precision for a 
   typical observer who falls inside black hole

-  applies on a restricted set of time slices with a radial cutoff in place

-  description of the interior is non-local and employs finite # of dof’s

#1 :  Stretched horizon theory

-  fails for an atypical observer who has measured state of BH

Modeling the black hole interior

-  area law for black hole entropy implies holographic encoding of BH interior

-  emergent semiclassical interior geometry

D.Lowe, LT ’16, ’17-  toy model: spin system with a nonlocal pairwise interaction

-  toy model: bulk Hamiltonian obtained via a mean field construction

-  “fast scrambling” horizon dynamics Sekino, Susskind 2008

-  so far, no satisfactory theory



Theories #1 and #2 need to have the following properties:

No drama for infalling observer at horizon

D.Lowe, LT ’15Property (2) holds in infalling lattice model

(2)  From the viewpoint of an infalling observer, who enters the black 
hole, any quantum information that entered more than a scrambling 
time earlier has been erased.

(1)  The time required for outside observers to extract quantum 
information from the black hole (in theory #1) has a lower bound of 
order the scrambling time. P. Hayden, J.Preskill  ’07

D.Lowe, LT  ’16



Breakdown of bulk description

We want to model a laboratory that falls into a black hole.  

Early on the lab is well described by the bulk effective Hamiltonian of 
theory #2. 

The lab has a complementary description in terms of theory #1 and 
must eventually be absorbed into stretched horizon. 

This will appear highly non-local from the viewpoint of theory #2. 

In a toy model we find that the decoherence time matches the 
scrambling time, which is also when lab approaches the singularity. 

Result supports the idea that singularity approach is complementary 
to decoherence of the infalling state.



The information paradox highlights the incompatibility between general  
relativity (locality + equivalence principle) and quantum physics (unitarity). 

Gauge theory - gravity correspondence implies unitary black hole evolution. 

Black hole complementarity provides a "phenomenological" description, which 
preserves unitarity and the equivalence principle, but requires giving up locality. 

Semiclassical gravity based on local effective field theory is nevertheless 
surprisingly effective 

  -  Page curve reproduced via quantum extremal surface prescription  

  -  rate growth of quantum complexity captured by (semi)classical BH geometry 

So far, no satisfactory holographic model for the black hole interior 

Requirements include: 

  -  unitary time evolution of holographic d.o.f.’s 

  -  an approximate description of observers in the black hole interior can be given 
in terms of an effective field theory, defined on a limited set of time slices, such 
that no drama is seen until near the singularity 

Plenty of work remains…

Summary



Formulation of the paradox - v2

- prepare singlet pair (#1,#2) 

- Charlie takes #2 far away from BH. At an agreed upon 
time he flips a coin and depending on the outcome he 
measures #2 along x or z axis 

- Alice carries #1 into BH at time of Charlie’s 
measurement and promptly measures #1 along z and 
broadcasts result 

- Bob keeps track of Hawking radiation and  measures #1’ 
(quantum clone of #1) along z 

- local EFT : independent measurements by Alice and 
Bob 

- Bob enters black hole and receives message from Alice 

- if their measurements disagree Bob discovers that 
Charlie measured #2 along x axis 

   ⇒  acausal signal from Charlie to Bob

   Assume EFT is valid on nice slices and carry out a gedanken experiment

x

x

x #1’

#2

#1

Charlie

Alice

Bob

Susskind, LT ’93;   Lowe, LT ’06



Revisit gedanken experiment

Bob must wait before information can be 
extracted from Hawking radiation 
Young BH:                                                Page 1993 
    Old BH:                               Hayden & Preskill 2007 
Alice has ultra-short time for spin measurement 
Young BH: 
    Old BH: 
     ⇒  limited measurement accuracy 

Firewall for infalling observers? 

Charlie can measure state of Hawking radiation to arbitrary 
accuracy and projects BH state into eigenstate of his 
measurement operators 

Observation of Hawking radiation burns infalling observer 
at horizon                                             D.Lowe, LT ’06 
                  A. Almheiri, D. Marolf, J. Polchinski, J. Sully ’12 
                     S.L. Braunstein, S. Pirandola, K. Zyczkowski ’12

t ⇠ rs Sbh

t ⇠ rs log rs

�t ⇠ e�Sbh
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RST action on Wheeler-deWitt patch

with

�̃ := e�2�
�



2
(�� Z) . (2.6)

As one can easily check, integrating out the auxiliary field Z will return the original non-

local action, up to boundary terms.

Considering a region with piecewise smooth space-like, time-like or null boundaries,

the prescription of [15] gives the following boundary terms involving the combination of

fields �̃ that multiplies the Ricci scalar R in the bulk action,

Sboundary = 2
X

S2S

�S

Z

S

p
|h|�̃Kd⌃

+ 2
X

N2N

�N

Z

N
d��̃+ 2

X

N2N

�N

Z

N
d� @��̃ log |@�f |

+ 2
X

j2joints
�j�̃

��
j
aj .

(2.7)

The first term on the right hand side is the analogue of the familiar Gibbons-Hawking-

York term, where K is the extrinsic curvature of each time/space-like boundary component

S 2 S and h is the determinant of the induced metric on S. The terms on the second

line of (2.7) accompany null boundary components N 2 N . The integration variable �

parametrizes the null line N . The failure of � to be an a�ne parameter is measured by ,

defined by the equation2

k↵r↵k
� = k� (2.8)

with k↵ := @�↵

@� and �↵(�) being coordinates of the null curve N parametrized by �. The

first term on the second line of (2.7) is not invariant under reparametrizations � 7! �0 by

itself and the second term is added to o↵set this pathological feature.3 Here f can a priori

be an arbitrary function of any scalar field, provided @�f does not vanish anywhere.

Finally, for each non-smooth joint j, we have to add a term aj which depends on the

type and position of the joint. More explicitly, in the case of joints formed by two curves

S1 and S2, that are separately either spacelike or timelike, one finds

a = log |(n1 + p1)µn
µ
2 | , (2.9)

where ni are unit normal vectors to Si and p1 is a tangent vector of S1 that points outwards

from the region of interest.

In case of a joint of two null-lines parametrized by � and �̄ respectively (and corre-

sponding vectors k↵ and k̄↵), a reads

a = log
���
1

2
kµk̄

µ
���, (2.10)

while in case of a joint between a null and a space- or timelike boundary component, we

have

a = log |kµnµ| (2.11)

2
Unfortunately, conventions dictate using the Greek letter kappa both in this context and as  = N/12.

We’ve opted for using boldface for one of them to reduce the scope for confusion.
3
See [15] for a detailed analysis.
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The prescription of Lehner et al. can be adapted to semiclassical 2d model

Polyakov-Liouville term is non-local introduce auxiliary field Z

with  = N/12, was introduced by Callan et al. in [11] and captures the one-loop correction

to the quantum e↵ective action due to the conformal anomaly of the matter fields. For

large N this term dominates over one-loop e↵ects coming from the dilaton gravity sector

that can therefore be ignored. The third term in the semi-classical action,

Sct = �


2

Z
d2y

p
�g�R , (2.4)

was introduced by Russo et al. in [12]. This term is allowed by general covariance and

does not disrupt the classical physics obtained in the limit e�2�
� . It enters at the

same order as Sq and serves to preserve the classical symmetry of S0 generated by the

current @µ(⇢��), where e2⇢ is the conformal factor of the metric gµ⌫ with respect to a flat

reference metric. We set ~ = 1 throughout but note that when ~ is retained in the action

it accompanies the prefactor  and thus any expression involving  will be directly related

to quantum corrections in the semi-classical theory.

2.1 A well-posed variational principle

The CA proposal instructs us to evaluate the on-shell action of the model in question on

a so-called WdW patch [4, 5]. However, it is well known that the action associated to a

given set of equations of motion is not unique. For instance, adding boundary terms does

not change the equations of motion but will in general change the value of the action itself.

To restrict the set of possible actions, the CA proposal comes with the further requirement

that the variational principle on the WdW patch should be well-posed. The equations of

motion should follow from a stationary action principle assuming appropriate boundary

conditions on the boundary of the WdW patch. A solution to this problem was presented

for Einstein-gravity in [15], where a particular set of co-dimension one boundary and co-

dimension two joint terms were proposed. In general, these terms are still not unique, but

the requirements imposed in [15] were enough to ensure a unique answer for the late-time

complexity growth rate in well-known classical black hole geometries. This is not the case,

however, for the semi-classical model we consider below. Indeed, when we calculate the

complexity growth for dynamical solutions that describe evaporating black holes, we find

that certain boundary terms can be added that change the value of the action on the WdW

patch while leaving the variational principle well-posed. One therefore has to introduce

further criteria, beyond those considered in [15], in order to have a definite prescription

for the holographic action complexity. As laid out in the following, a su�cient criterion is

to impose on the boundary terms the same symmetry that led to the simplification of the

semi-classical field equations of the RST model itself in [12].

To obtain a well-posed variational problem, we adapt the procedure proposed by [15]

to the situation at hand, a two-dimensional dilaton-gravity theory. However, a direct

application is obstructed by the non-local term Sq. One way to remedy this problem is to

introduce an auxiliary scalar field Z and write the action in terms of integrals over local

quantities only [16],

Sbulk =

Z

M
d2y

p
�g

"
R�̃+ 4

⇣
(r�)2 + 1

⌘
e�2�

�


4
(rZ)2 �

1

2

NX

i=1

(rfi)
2

#
(2.5)
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with

�̃ := e�2�
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As one can easily check, integrating out the auxiliary field Z will return the original non-

local action, up to boundary terms.

Considering a region with piecewise smooth space-like, time-like or null boundaries,

the prescription of [15] gives the following boundary terms involving the combination of

fields �̃ that multiplies the Ricci scalar R in the bulk action,
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The first term on the right hand side is the analogue of the familiar Gibbons-Hawking-

York term, where K is the extrinsic curvature of each time/space-like boundary component

S 2 S and h is the determinant of the induced metric on S. The terms on the second

line of (2.7) accompany null boundary components N 2 N . The integration variable �

parametrizes the null line N . The failure of � to be an a�ne parameter is measured by ,

defined by the equation2

k↵r↵k
� = k� (2.8)

with k↵ := @�↵

@� and �↵(�) being coordinates of the null curve N parametrized by �. The

first term on the second line of (2.7) is not invariant under reparametrizations � 7! �0 by

itself and the second term is added to o↵set this pathological feature.3 Here f can a priori

be an arbitrary function of any scalar field, provided @�f does not vanish anywhere.

Finally, for each non-smooth joint j, we have to add a term aj which depends on the

type and position of the joint. More explicitly, in the case of joints formed by two curves

S1 and S2, that are separately either spacelike or timelike, one finds

a = log |(n1 + p1)µn
µ
2 | , (2.9)

where ni are unit normal vectors to Si and p1 is a tangent vector of S1 that points outwards

from the region of interest.

In case of a joint of two null-lines parametrized by � and �̄ respectively (and corre-

sponding vectors k↵ and k̄↵), a reads

a = log
���
1

2
kµk̄

µ
���, (2.10)

while in case of a joint between a null and a space- or timelike boundary component, we

have

a = log |kµnµ| (2.11)

2
Unfortunately, conventions dictate using the Greek letter kappa both in this context and as  = N/12.

We’ve opted for using boldface for one of them to reduce the scope for confusion.
3
See [15] for a detailed analysis.
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Boundary action is not uniquely determined

Require total action to be invariant under the RST symmetry of the bulk theory

where kµ corresponds to the null boundary in the way explained above and nµ is the unit

normal vector associated to the space- or timelike boundary.

The various terms in (2.7) are accompanied by signs �S , �N and �j that are sensitive

to the conventions adapted in the procedure. A coherent set of rules is presented in [15].

Now, consider adding to the action a boundary term of the form
Z

S

p
|h|g(�, Z)d⌃ (2.12)

involving an arbitrary function g(�, Z). Adding a boundary term does not alter the equa-

tions of motion and a term of this particular form will not influence the variational principle

if we impose Dirichlet boundary conditions, i.e. take the variation of the induced metric

h and the variation of the scalar fields � and Z to vanish at the boundary. However, it is

easy to see that such a term can drastically change the result of holographic complexity

in our setup. Furthermore, considering regions with null-boundaries, (2.7) depends on an

undetermined function f , which again influences the holographic complexity. The above

prescription thus needs to be supplemented by additional restrictions, as discussed below.

2.2 RST symmetry

In order to overcome the troublesome arbitrariness in the choice of boundary terms, we

propose to restrict the allowed terms by an invariance requirement of the total action S

under the symmetry which guided the definition of the RST model in the first place.

In the following, we work in conformal gauge, where the line element takes the form

ds2 = �e2⇢dy+dy� . (2.13)

Recall that the term Sct, given by (2.4), was introduced to preserve the symmetry generated

by the current @µ(⇢ � �). The corresponding infinitesimal transformation of the fields �

and ⇢ are given by [12, 17]

�RST� = �RST ⇢ =
1

2
�RSTZ = ✏

e2�

1� 
4e

2�
, (2.14)

while the matter fields do not transform.

We now impose the additional requirement that the total action S, including boundary

terms, remains invariant under the RST transformation,

�RSTS = 0 . (2.15)

The bulk action (2.5) is invariant under �RST up to a boundary term that will have to

be cancelled. Going back to the example (2.12), it is evident that, generically, the RST

variation of such a term will not vanish. We can use this to our advantage and choose the

additional boundary term so that its variation cancels against the variation of the bulk

action.
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involve any boundary or joint terms anymore, since they were either consistently removed,

or canceled against total derivative contributions from the original bulk action.

As a result, the expression for the holographic complexity does not involve an arbitrary

function f anymore. Further, as a side note, the value of holographic complexity on the

WdW patch can also be obtained by a limiting procedure, regulating the WdW patch with

space- or timelike surfaces only. The resulting limit is finite, and it agrees with the result

obtained by the above RST symmetric prescription for null boundaries.

The on-shell action The equation of motion

r
2� = r

2⌦ (2.40)

allows us to choose Kruskal coordinates (x+, x�) where ⇢ = �, implying ⌦ = �. In this

coordinate system, the on-shell action S is subject to a remarkable simplification,

S =

Z

M
dx+dx�

"
2�

NX

i=1

@+fi@�fi +


2
@+⌘@�⌘

#
. (2.41)

In particular, in this form the action has no explicit dependence on the the dilaton field �.

This is, of course, somewhat misleading, for the shape of the WdW patch in Kruskal

coordinates will indeed depend on the spacetime metric and therefore the dilaton as well.

3 Classical Black Hole Complexity

3.1 Gravitational Collapse

Before discussing the semi-classical case, let us analyse the classical gravitational collapse

of an infinitely thin shell of incoming matter f with mass M . The energy momentum

tensor associated to the matter field f is given by

T f
++ =

M

x+0
�(x+ � x+0 ) , (3.1)

and for the dilaton � and conformal factor ⇢ this implies

e�2� = e�2⇢ =

8
<

:
�x+x� if x+ < x+0

�x+
⇣
x� + M

x+

0

⌘
+M if x+ � x+0 ,

(3.2)

in Kruskal coordinates. The infalling shell creates a black hole singularity, as shown in

Figure 1, which depicts a Penrose and Kruskal diagram on the left and right, respectively.

In line with our previous paper [10], we take the WdW patch to be anchored at the

stretched horizon, defined as a membrane outside the black hole, with an area that is one

unit larger than the area of the event horizon,

e�2�SH = e�2�EH + 1 = M + 1 . (3.3)

In the classical collapse solution considered here, the stretched horizon is a curve of constant

dilaton � outside the black hole. If we instead anchor the WdW patch on a curve far outside
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On-shell action takes a simple form in Kruskal coordinates

In order to work out the RST variation of the action Sbulk+Sboundary, it is convenient

to define the fields4

⌦ := e�2� +


2
� ,

� := e�2� + ⇢�


2
� ,

(2.16)

for which the bulk action (2.5) can be written as

Sbulk =

Z
d2y

p
�g

"
1


(r�)2 �

1


(r⌦)2 +

2
p
�g

e
2

 (��⌦)
�

1

2

NX

i=1

(rfi)
2

#

� 2

Z
d2y

p
�g

h
r (�̃r⇢) +



8
r (⌘r⌘)

i
,

(2.17)

where ⌘ is a harmonic field, r2⌘ = 0, obtained from the auxiliary Z field via Z = 2⇢+ ⌘.

The variations of the new fields ⌦ and � can easily be evaluated and yield

�RST⌦ = �RST� = �2✏ , (2.18)

while �RST ⌘ = 0. It is now evident that the RST variation of the first line of (2.17) vanishes

and also the variation of the last term on the second line. The remaining non-vanishing

RST variation of the first total derivative term cancels against a contribution coming from
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2.2.1 Gibbons-Hawking-York boundary terms
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A Kruskal diagram including the WdW patch for late times is given in Figure 4. As is

usual for the CA prescription in the context of two-sided black holes, we have to provide

a second anchor point on a ‘left’ anchor curve, see e.g. [19, 20]. The result for complexity

growth will then be a function of tR�tL where tR (tL) are the tortoise times w.r.t. the right

(left) side associated to the respective anchor point position, see Figure 4. For simplicity,

we take the two anchor points to move symmetrically as time progresses, i.e. tL = �tR, so

that the result only depends on t = tR. In this case, we expect the complexity growth to

have twice the contribution of a one-sided black hole.

x� x+

Patch

WdW

White Hole Singularity

Black Hole Singularity

tL tR

Figure 4. Kruskal diagram of eternal black hole. A symmetric WdW patch is presented. Color
coding agrees with previous figures.

The variation of the Kruskal area A is easily performed and indeed provides the ex-

pected holographic complexity growth

Ċ = 4M , (3.16)

in the late time limit.

4 Semi-Classical Black Hole Complexity

4.1 Evaporating Black Hole

Again, we study an incoming leftmoving shockwave pulse of energy M at x+ = x+0 of the

form

T f
++ =

M

x+0
�(x+ � x+0 ) . (4.1)

The semi-classical collapse solution, in terms of the field ⌦ defined in (2.16), using Kruskal

coordinates, is given by [12]

⌦(x+, x�) = �x+x� +
�
x+0 � x+

� M

x+0
⇥(x+ � x+0 )�



4
ln
�
�x+x�

�
, (4.2)
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Figure 1. Left panel: Penrose diagram of one-sided CGHS black hole formed by gravitational
collapse. Right panel: The corresponding Kruskal diagram with the same color coding. The gray
line denotes a curve of equal tortoise time t.

the black hole, the main di↵erence is to shift the onset of complexity growth forward in

time, to the time in tortoise coordinates when the infalling shock wave passes through

the anchor curve on its way to forming the black hole. As was discussed in [10], it seems

more physical to place the anchor curve at the stretched horizon and have the onset of

complexity growth coincide, at least approximately, with the time of black hole formation

(here defined as the tortoise time at which the shock wave meets the stretched horizon).

The WdW patch at a given tortoise time t is defined as the union of all spacelike

surfaces originating from the point on the anchor curve that intersects the appropriate

constant t curve and extending towards the black hole, see Figure 2. The holographic

complexity C at time t is then given by the action evaluated on the WdW patch. The

classical action can be obtained by formally setting  to zero in (2.41). Furthermore, the

collapse solution only involves infalling matter, @�f = 0, and the on-shell action (2.41)

reduces to

C = Scl = 2

Z

WdW
dx+dx� =: 2A , (3.4)

where A can be interpreted as the reference metric “area” of the WdW patch drawn in

Kruskal coordinates.

An asymptotic observer would use the tortoise coordinates (t, x), which are related to

Kruskal coordinates (x+, x�) by the equations

x+ = et+x ,

x� +
M

x+0
= �e�t+x.

(3.5)

We are interested in the growth rate of holographic complexity dC
dt , where t is the tortoise

time associated to the anchor point of the WdW patch, see Figure 1. To this end, we denote
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Figure 2. Evolution of the WdW patch for classical gravitational collapse. Color coding coincides
with Figure 1.

the Kruskal coordinates describing the anchor point as (x+A, x
�
A), while the singularity curve

is described by (x+S , x
�
S ). It is practical to consider two separate cases: the WdW patch

anchored before the shock wave arrives, x+ < x+0 , and after, x+ > x+0 .

Before incoming shockwave It is apparent from Figure 2 that the change of the area

in Kruskal coordinates, A, before the shockwave arrives, is given by

dA = �x�Adx
+
A � x+Adx

�
A . (3.6)

From the definition of the stretched horizon (3.3), which we identify with the anchor curve,

we obtain the equivalent relation

� x+A

✓
x�A +

M

x+0

◆
= 1 , (3.7)

which immediately implies that

� x�Adx
+
A � x+Adx

�
A =

M

x+0
dx+A , (3.8)

so that

dA =
M

x+0
dx+A . (3.9)

Furthermore, since dx+A = x+Adt, if we shift the time variable t, so that t = 0 corresponds

to where the shock wave meets the stretched horizon, then dA = Metdt, or

Ċ = 2Met for x+ < x+0 . (3.10)

We observe an exponential onset towards 2M at t = 0, the black hole creation time.
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Figure 3. Growth rate Ċ of holographic complexity as a function of tortoise time t, using the
CA prescription, for classical gravitational collapse. Following an exponential onset, holographic
complexity grows linearly with time.

After incoming shockwave The analogous calculation can be done for times after the

black hole creation, t > 0. One easily finds

dA =
�
x�S (x

+
A)� x�A

�
dx+A � x+Adx

�
A . (3.11)

Using (3.8) in conjuction with the defining relation for the black hole singularity,

M = x+S

✓
x�S +

M

x+0

◆
, (3.12)

one obtains

dA =

✓
x�S (x

+
A) +

M

x+0

◆
dx+A =

M

x+A
dx+A = Mdt , (3.13)

or

Ċ = 2M for x+ > x+0 , (3.14)

so that the holographic complexity growth Ċ is continuous at x+ = x+0 and remains constant

for x+ > x+0 .

Our findings, summarized in Figure 3, are consistent with the expectation that the

complexity of the quantum state corresponding to a black hole should grow with a rate

proportional to the black hole entropy times its temperature.

3.2 Eternal Black Hole

For completeness we should mention that our prescription also works for the classical

eternal black hole for late time. Its solution in terms of the dilaton, in Kruskal coordinates,

is given by

e�2� = e�2⇢ = M � x+x� , (3.15)

see e.g. [18]. The black and white hole singularities are located on the curves defined by

M = x+S x
�
S .
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Summary

• We considered the holographic complexity of black holes in a 
toy model that allows explicit semi-classical calculations

• C = V   maximal volume surfaces

• C = A   action on Wheeler-DeWitt patch

• Rate of growth of holographic complexity precisely tracks the 
shrinking entropy of the stretched horizon

• Area term and subleading log-term in semi-classical entropy 
are correctly reproduced

• Non-trivial positive test for holographic duality between 
stretched horizon dof’s and black hole interior

• Semi-classical theory is again surprisingly effective!




